Math 1B, Fall 2008
Section 108

Quiz 12 Solutions

(1) Solve the initial value problem

{ y' +vy —2y=2x+sin3z
y(0)=1, y'(0)=0.

NB: This problem involved a little too much algebra/arithmatic for the time
allowed. The complementary equation y” + v’ — 2y = 0 has general solution
C1e2% + Cye®. To solve the non-homogenous equation, we use the principle of
superposition and find two functions y,, and y,, satisfying

Y T — W = @
y;; + yI'72 - 2y,, = sind3z.

(Then y, = yp, + Yp,). We guess y,, = Az + B (because z is a first-degree
polynomial). Plugging it in gives

T = ygl + y;/Dl - 2yP1
0+A—2Az —2B.

So we have © = —2Axz + (A — 2B). Equating the coefficients, we get 1 = —2A4,

soA:—%. Also,0=A—-2B=— —2B,SOB:—%. Soyplz—%x—i.

1
2
Now we guess y,, = Csin3x + D cos 3z, and this gives

Yy, = 3Ccos3r—3Dsin3z
vy, = —9Csin3z —9D cos3z.

Now plugging into the equation for y,, gives

sindr =y, + U, — 2Up,
= —9Csin3z — 9D cos 3z + 3C cos 3z — 3D sin 3z — 2(C'sin 3z + D cos 3z)
= —(11C +3D)sin3z + (C —9D)cosz.

Equating coefficients gives

1=-11C -3D
0=3C—-11D.



Multiplying the second equation by 11/3 and adding to the first gives 1 =
—(130/3)D, or D = —3/130. Substituting this into the first equation, we get
1=—(130/11)C, or C = —11/130. So y,, = —(11/130) sin 3z — (3/130) cos 3z,
and the general solution is

11 11 3 o .
—§x—1—ﬁ81n3x—m0053x+016 + Cae”.

Plugging in y(0) = 1 and ' (0) = 0 gives

1 3
1 = _Z_ﬁ"'Cl"'CQ
1 33
= ———— =2 .
0 5~ 130 C1+ Co

Doubling the first and adding it to the second gives 2 = —1—(39/130) + 3C5, or
Cy = 143/130 = 11/10. Now plugging into the first equation gives C; = 9/52.
Thus the answer to the initial value problem is

Lol 3 9 e 1,
2(13 1 130 S1n o 130 COS o 526 106 .

Phew.

(2) Find the general solution of

y' — 4y —5y=e"l.

We first solve the homogenous equation y” — 4y’ —5y = 0. The characteristic
polynomial is 22 — 4y — 5, which has roots —1 and 5. So the general solution
to the complementary equation is Cie™% + Coe5. The right-hand side of our
original equation satisfies the homogenous equation, so we guess a solution of
the form y, = Aze™". Differentiating yields

y, = Ae ®— Aze™®
y, = Awe " —24e”".
So we get
et =y, —4y, -5y,
= Aze ® —2Ae " —4(Ae™ " — Aze ") — bAze™ "
= —64e™".

Thus A = —1/6. The general solution is therefore

1
—gxef"” + Cre™ + Cyed®.



(3) Suppose that a,b,c > 0, that b*> = dac, and that y solves ay” + by’ +cy = 0.
Find lim, o0 y().

The general solution of ay” +by’+cy = 0is C1e"*+Caze™, where r = —b/2a.
Since y solves this equation, it must be of the indicated form, so there are
constants C7,Cs such that y = Cie™ + Coxe™. Now compute

lim y(z) = lim Cie"™ + Coxe™
. Cl CQZL’
= lim

r—o00 ebx/2a ebzr/2a

= 0+ lim ﬁ (because a,b > 0)
T—00 €
2aC:
= 0+ lim —2 (L’Hopital)

=00 pebr/2a
= 0.



